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Optimization Theory of Preparative Production Rate in
Open Tubular Gas Chromatography

T. S. BUYS,* T. W. SMUTS and K. DE CLERK

DEPARTMENT OF PHYSICAL CHEMISTRY
UNIVERSITY OF PRETORIA
PRETORIA 0002, SOUTH AFRICA

Abstract

Optimization theory is used to define operating conditions for the production
rate in open tubular gas chromatography for a variety of practical constraints.

INTRODUCTION

The basic equations relating production rate to operating parameters
in preparative chromatography have been formulated in a previous paper
(I). In the present study these equations are applied to the specific case
of open tubular columns. The choice of open columns as a starting point
is in part motivated by the fact that the column processes are well under-
stood. It is, however, not merely an application of academic interest
despite the inherent low capacity of such columns. On the contrary, a
considerable segment of preparative work in chromatography is expected
to be concerned with difficult separations of rare substances at relatively
low yield, where the high resolution of open columns could be used to
advantage.

It should again be emphasized that the choice of production rate as the
object of study does not imply that it is regarded as synonymous with
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preparative efficiency since a variety of factors can determine the relative
importance of time, yield, cost, etc. Justification for its choice stems from
the belief that most overall criteria will have a significant functional
dependence on the rate.

THEORY

The expression for production rate E,, based on the simplifying assump-
tions outlined in Ref. 1, is given by

G, H\?
E, = C/FRe rc<1 - } ) %))
where
212732y (1 — O)[1 + erf(2'/2R)]
F= 28R @
_[41 + KRT?
o =% =] @
02 - 6)
k= KW “4)
For laminar flow in open columns
Br,
= Re + CRer, (5
with
41 - 0)
B= Scm ©)
C= Cm + Cs (7)
_ (1 + 6k + 11k*) Scm
Cn = 240 + k)2 2(1 —6) ®)
2 — 2
c =L Kk _0C=0 g ©)

T2+ k2 (1 -0° v,

The plate height expression is written in terms of the Reynolds number
Re to facilitate recognition of the turbulent flow region.

Production rate is thus seen to be a function of the variables 8, Re, r,,
L o, K, k, v, v, Scm, Scs, Py, ., and R. The inlet volume V; has already
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been eliminated as a dependent variable and is given by

, (1 — 0y G, H'?
611/2 1 - l

V, = n(2m)'*(1 + k)r, (10)
Of the variables mentioned above, all except the first five can be regarded
as parameters with values fixed at representative levels. E, can then be for-
mally interpreted as a hypersurface in 6-dimensional space. A point on
this surface corresponds to a uniquely defined experimental arrangement.
However, not all points on the surface are in reality accessible since they
also necessarily have to conform to the equation relating pressure gradient
to flow. In this case it is the Poisseuille equation

3 _ 8ttmVmP!
(1 -6’ =~ DP,

The intersection between the E, surface and that defined by Eq. (11)
defines a S-dimensional hypersurface. This surface is unique but can be
functionally described in five different but equivalent ways depending
on which variable in E,, is eliminated by means of Eq. (11). This is sum-
marized in Table 1.

The information content of the 5-dimensional surface is still excessive
for representation. It is convenient to select only those regions which
correspond to a maximum in E, by differentiating E, with respect to those
variables which exhibit optima and equating the result to zero. The
resulting equations can define different hypersurfaces for the nine situa-
tions depicted in Table 1 so that the intersections to which the system point
is constrained may also differ. Each of these situations corresponds to a
specific experimental arrangement, viz., that in which the same set of
variables which are held constant during partial differentiation are also
kept constant during the experiment. An important practical implication is
that the variable which is eliminated from E, becomes a dependent vari-
able, the value of which will have to be adjusted to conform with the
optimized value of the variable with respect to which the optimization is
carried out. The present study is devoted to an analysis of three of the
cases which are regarded as of importance in practice, viz.:

Re (11)

e

(A) r,and p given, / dependent.
(B) r,and ! given, p dependent.
(C) !and p given, r, dependent.

The results of a general analysis of these three situations are tabulated
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Fic. 1. Determination of 8,,, for gas-liquid chromatography in open tubular
columns. vy, = 2.0 X 10~"m?/sec, v, =1 x 107* m?/sec, pm = 2.0 x 10-5
Pa.s, Sem = 1, Scs = 1000, R = 1.5 E,” in m®/sec.
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below, but the detailed numerical results will be confined to Case B. Two
aspects common to all will, however, be dealt with first. These are the
validity of neglecting the B term in the plate-height equation and the
optimization with respect to 6.

Neglect of B Term

A qualitative inspection of the basic equation suggests that the effect
of the B term in the H-expression at optimum flow velocity should be
relatively slight. If B could therefore be set equal to zero at the outset,
this would not only substantially simplify the mathematics, but in so
doing would also serve to accentuate the dominating features in the inter-
pretation of the results, Criteria for the validity of the neglect of B are
developed in Appendix 1 for the Case B. It is shown there that the ratio
of the true optimum in Re, Re‘(opt), to the approximate optimum, Re
(opt), is better than 0.95 provided that / > 2/,. (For details see Fig. Al.)
[, is the minimum column length at which the specified resolution is
achieved for zero yield:

I, = 2G,(BC)'/?r, (12)

The mathematics for the other two cases is involved and analytical solu-
tions were not found. The results are not expected to differ significantly
from the above, however, and B will in the rest of the analysis be neglected
on the proviso of a suitable !’ ratio.

6 Optimization

If B is neglected, it is shown in Appendix 2 that the optimum in 8 is a
function only of X for given Scm, Scs, v,,, and v,. The results of a numerical
optimization of £, with respect to 8 is depicted in Fig. 1. Inspection of this
figure shows that: (a) The optimum 6 decreases slightly with increasing X
(from 8,,, = 0.06 for K = 1to 0,,, =~ 0.03 for K = 100). (b) The position
of the optimum becomes less critical with increasing XK. (¢) Production
rate at optimum 6 increases with increasing K.

Unfortunately, # optimization will not always be realizable in practice
since the thickness of the stationary phase is restricted to a maximum of
about 2 x 107°m (2) before instability sets in. The calculations were
nevertheless carried through for both the 6,,, and 6, values restricted by
the constraint d, = 2.5 x 107®m. This was considered worthwhile in
order to provide a comparative basis relative to which the merits of
artifically increasing d, could be assessed.
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Optimization

In all three cases the optima could be found by standard differentiation,
the details of which will not be reproduced here. The resulting expressions
are summarized in Table 2, while the numerical results for Case B are
represented in Figs. 2 and 3.

DISCUSSION

The graphs have been prepared in a manner which is standard pro-
cedure in the theory of optimization (e.g., Ref. 3). All information is given
in the form of families of contour lines representing the various constraints
referred to a convenient base (in this case r,, /). This type of representation
is especially convenient since it reduces the information for a specific case
to a single graph and allows the introduction of inequality constraints.
These graphs can be applied in a variety of ways; the essential elements
can be illustrated by means of a typical example.

The graphs were prepared for K = 100, but since E, is relatively
insensitive to K, the results can also be regarded as a first approximation
for other K values. For a given a, the argument would proceed as follows.

(1) Fora = 1.1, say, the appropriate /, line, viz., BA, divides the area
into two regions of which only the one to the right of BA is accessible.

(2) Provided that § = 0,,, = 0.026, the production rate is seen to be
a linear function of the length /. For the present parameter values

[ 2F

7
Y =Gy~ g = 169 x 1077 (13)

F1G. 2. Representation of contours of the functions listed below on an r, vs /
frame of reference for @ = 6,,, = 0.026 and K = 100.

E,) = Ey/(a — 1)’C;: AE — E,” = 107%, BE — E,” — 1075, CE — E,” =
10-%, DE — E,” = 1073, EE — E,” = 1073, FE — E,” = 10", GE — E," =
10° (m?3/sec).

Re’ = Re/(a — 1)*>: ARe — Re’ = 10!, BRe — Re’ = 102, CRe — Re’ = 103,
DRe — Re’ = 10%, ERe — Re’ = 10°%, FRe — Re’ = 105, GRe — Re’ = 107.

P =pla —1)*}{p> —1): AP — P" =105, BP — P’ =10"5 CP — P’ =
104, DP— P =103 EP — P =10"2, FP - P' =10"!, GP — P’ = 10°,
HP — P =10, IP — P'= 102

Vi=Vifla— 1AV —V/ =10 BV — V' =10"%, CV — V/ = 1073,
DV —V/ =102, EV — V' = 10", FV — V/ = 10° GV — V; = 10* (m®).
Is = 2Go(BC)%rof(a —~ 1)?: AA —a =101, BA —a =11, CA — a = 1.5,
DA —a =2,

Other parameters as in Fig. 1
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Fic. 3. Representation of contours of the functions listed below on an r. vs /
frame of reference for dy = 2.5 X 10~% m and K = 100 (the optimum 6 was
used for v, < dy/p = 1074 m).

E,” = E,/(a — 1>C;; Re’ = Ref(a — 1)*; P’ = p(a — 1)*/(p* — 1);and ¥/’
= Vi/{(a — 1) as in Fig. 2.

I, = 2Go(BC)lrJ(a — 1)*: AA —a =101, BA —a=1.1,CA —a = 2.

Other parameters as in Fig, 1.
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F1G. 4. Graphical representation of the pressure parameter P’ = p(a — 1)?/
(r*—D.

(for E, in kg/fsec, / in m, and C, in kg/m?). The price paid for increased
production is thus solely dependent on the length /. When d, is constrained
to a maximum of d, = 2.5 x 107® m, E, also becomes dependent on r,.
This dependence causes E, to decrease markedly with increasing r.. Note,
however, that in Fig. 3 the optimum 6 was used for r, < d,/0,,,.

(3) For 6 = 0,,, the choice of E, (and thus /, or vice versa) leaves one
independent variable undetermined. This can be chosen from the group
(r., p, Re, V), whereby the remaining variables are then uniquely deter-
mined. The choice of independent variable depends on which constraint is
critical. Whatever the choice, however, the result can be interpreted as
fixing the ratio between the inlet variance and that produced by the column
as explained in a previous paper ().

As an indication of theoretically possible operating conditions, the
values of the system variables for a selection of lengths and o values at
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(a)

g=10°

a=1,00
8 = 0,026

10
Eg=17x107*
|°-8 1 | l 1 1 1 1
® 10 0  10° ; 0w 10e® 1 10
10%
(b} axiol
o £a ‘03 d=25x10"m
109+ -
/
e Ep'=1,4%10°¢
102 -
—————————— === ——--'c-IO's—-—
1 1 ]
10% 108 107

FiG. 5. Contour graphs to illustrate the use of inequality constraints on different
variables. K = 100, other parameters as in Fig. 1.
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r. = 1073 m are given in Table 3. The use of inequality constraints is
illustrated in Fig. 5 where the shaded area defines the accessible operating
region.

APPENDIX 1
Evaluation of Neglect of B Term in Optimization
From Eq. (1)

E, = c,.FRerc(l - —‘7—> (AD)

The minimum length, /,, at which production will start is given by
la = GIHmin (AZ)

where H,,;, corresponds to the flow velocity Re“(opt) = (B/C)*/* which
minimizes the plate height, i.e.,

Hmin = Z(BC)I/er (A3)
Substitution of Eq. (A3) in Eq. (A2) gives
I, = 2G,(BC)?r, (A4)

which can be used to eliminate G, from Eq. (Al):

1 (Re*(opt) Re 1/2
E,= C,FRerC[l — 21,( Re + Re’(opD) (AS)

Setting (0E,/0Re);,, = 0 and solving for Re yields
2 3(1\2]*7?
Re'(opt) = §I’Re“(opt){l + [I — Z(l”) ] } (A6)

where B has been retained.
If B is neglected, one obtains similarly

Re(opt) = $I'Re‘(opt) (A7)

Ref(opt) 1 3(1\*7*
e =31 [ ~3) | | (49

Equation (A8) is graphed in Fig. Al.

so that
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F1G. Al. Effect of B-term in plate height equation on optimum Re (" = I/l).

APPENDIX 2

Functional Dependence of f(opt)
Consider the Case B: E, at Re(opt) is given by (see Table 2)
E, = 2C;Fl(a — 1)*/3%G,C
_ 2CFl(x — 1)*k*
~ 3%216R*(1 + K)X(C,, + C)
= YF(6)

where

2C,Fla — 1)
Y =—miere

is independent of @ and the #-dependence is included in

k2

O =g 5o, 7 6)

485
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The optimum in 6 can in principle be solved from

0E,[08 = 0
. OF()
i.e., from Y_aé_ =
or
QF@ =0 Y#0

00

The only remaining variables in this equation are X, Scm, Scs, v,,, v, and
8, which shows that

f(opt) = (K, Scm, Scs, v,, v,)

A similar result is obtained for Cases A and C (see Table 1).

SYMBOLS

parameter in plate height equation (Eq. 5)
parameter in plate height equation (Eq. 5)
concentration at the inlet
mobile phase contribution to C {Eq. 8)
stationary phase contribution to C (Eq. 8)
molecular diffusion coefficient in mobile phase
molecular diffusion coefficient in: stationary phase
thickness of stationary phase liquid layer
chromatographic production rate
convenient parameter (Eq. 2)
convenient parameter (Eq. 2)

= (@ — 1)’G,
plate height
concentration distribution coefficient
mass distribution coefficient
column length
minimum column length for start of production (zero yield
at Hmin)

r = jl,
P, pressure at column outlet

R resolution
Re = 2r.u/v,,: Reynolds number

R R RO R - TN o Ve N W
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Re'(opt)
Re(opt)
r{_‘

Scm

Scs

u

| £

optimum Re without neglect of B (Eq. A6)
optimum Re with neglect of B (Eq. A7)

column radius

= y,/D,: Schmidt number for mobile phase

= v,/D,: Schmidt number for stationary phase
carrier gas flow velocity

sample inlet volume as measured at inlet pressure

Greek Letters

o
Hm
Vm

Vs

o

relative volatility

viscosity of mobile phase

kinematic viscosity of mobile phase
kinematic viscosity of stationary phase
= df / F e
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